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It is shown in a recent preprint [arXiv:2001.10008] that the central spin model with XX-type
qubit-bath coupling is integrable for a central spin s0 = 1/2. Two types of eigenstates, separable
states (dark states) and entangled states (bright states) between the central spin and the bath spins,
are manifested. In this work, we show by using an operator product state approach that the XX
central spin model with central spin s0 > 1/2 and inhomogeneous coupling is partially solvable.
That is, a subset of the eigenstates are obtained by the operator product state ansatz. These are
the separable states and those entangled states in the single-spin-excitation subspace with respect to
the fully polarized reference state. Due to the high degeneracy of the separable states, the resulting
Bethe ansatz equations are found to be non-unique. In the case of s0 = 1/2 we show that all the
separable and entangled states can be written in terms of the operator product states, recovering
the results in [arXiv:2001.10008]. Moreover, we also apply our method to the case of homogeneous
coupling and derive the corresponding Bethe ansatz equations.
I. INTRODUCTION
The central spin model (related to the Gaudin-type
long-range interacting systems [1]) describes a central
spin ~S0 interacting with a noninteracting bath composed
of N spins {~Sj} via XXZ-type inhomogeneous hyperfine
couplings [2]. It is described by the Hamiltonian
H
(XXZ)
CSM = hS
z
0 +
N∑
j=1
[
gj(S
x
0S
x
j + S
y
0S
y
j ) + g
′
jS
z
0S
z
j
]
, (1)
where h is an external magnetic field acting on the cen-
tral spin, and {gj} ({g′j}) are the in-plane (Ising) part of
the inhomogeneous anisotropic coupling constants. The
size of the central spin and the jth bath spin are denoted
s0 and sj , respectively, each of which can be either an in-
teger or a half odd-integer. With the advent of quantum
technologies, the central spin model and related general-
izations nowadays play an important role in solid-state
based systems, such as electron or hole spins confined in
semiconductor quantum dots and Nitrogen Vacancy cen-
ters, which are believed to be promising setups to realize
quantum computation [3–5]. This has stimulated many
theoretical studies on both static [6–13] and dynamical
properties [14–20] of central spin systems without/with
intrabath coupling.
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It is known that H
(XXZ)
CSM is integrable under the solv-
ability condition
g′2j − g2j = const, j = 1, 2, · · · , N (2)
and admits operator product state ansatz solutions [11]
having a structure of
|ψM 〉 =
M∏
q=1
B+/−q |φ〉, (3)
which is generated by acting a set of parameter-
dependent collective raising (lowering) operators, B±q =∑N
j=0 AqjS
±
j , onto a proper reference state |φ〉. Here,
M is the number of spin excitations with respect to |φ〉
according to the conservation of total magnetization of
the system. By employing a similar operator product
state ansatz, von Delft and co-workers [21, 22] studied
Richardson’s reduced BCS model [23] and derived the
associated Bethe ansatz equations in an elegant and nat-
ural way with the help of an operator approach based
purely on the commutator scheme [21, 22]. The above
method was later successfully applied to the inhomoge-
neous Dicke model [24], pairing models coupled to a sin-
gle bosonic mode [25], and the anisotropic XXZ central
spin model [11]. The operator approach has proven to
provide a concrete and less abstract tool to treat Gaudin-
like models. Throughout this work, a Hamiltonian is
said to be solvable (partially solvable) if all (some) of
the eigenstates can be constructed by the operator prod-
uct state ansatz. We avoid using the term quasi-exactly
solvable here, since this typically applies to an opera-
tor defined on an infinite-dimensional vector space which
2admits an invariant finite-dimensional subspace [26–29].
The Hamiltonian (1) acts on a finite-dimensional space.
Although the solvability of H
(XXZ)
CSM is well understood,
less is known about the fully anisotropic limit with g′j =
0, where H
(XXZ)
CSM is reduced to the XX central spin model
described by H
(XX)
CSM = hS
z
0 +
∑N
j=1 gj(S
x
0S
x
j + S
y
0S
y
j ).
First attempts in this direction were carried out by
Jivulescu et al. [30], who employed the procedure pro-
posed in the original paper of Gaudin [2] to single out
the structure of a subset of exact eigenstates of H
(XX)
CSM for
sj = 1/2, ∀j. Most recently, Villazon et al. [13] showed
by constructing an extensive set of conserved quantities
that H
(XX)
CSM is actually integrable for s0 = 1/2 and real
{gj}. It is found that the eigenstates of H(XX)CSM can be
divided into two classes: Dark states having a product
state structure between the central spin and bath spins,
and bright states for which the central spin is entangled
with the spin bath. In this work, the dark states (bright
states) will be simply referred to as separable states (en-
tangled states) due to their different structures.
The integrability of H
(XX)
CSM may at first sight seem puz-
zling, since g′j = 0 violates the integrable condition given
by Eq. (2). However, as shown in Ref. [11], condition
(2) is derived under the assumption that the coefficient
Aq0 appearing in B
±
q is nonzero for every q, which is a
necessary requirement for g′j 6= 0 in the framework of
the operator approach. In this work, we will apply the
aforementioned operator approach to the study of the
high-spin XX central spin model with s0 ≥ 1/2. Due
to the absence of the Ising coupling g′j , the collective
raising/lowering operator B±q in the ansatz (3) does not
necessarily contain the lowering operator of the central
spin, S−0 , giving rise to new solvability conditions other
than (2). It is precisely the number of this kind of new
operator (denoted by Q with 0 ≤ Q ≤ M) in the opera-
tor string
∏
q B
±
q which determines the structure of the
eigenstates. Specifically, to guarantee possible (at least
partial) solvability of H
(XX)
CSM in the subspace withM spin
excitations, it will be shown that Q must be eitherM−1
or M .
Through a step-by-step construction of the eigenvalue
problem based on the operator product approach, we
show that for s0 = 1/2 the case of Q = M (Q = M − 1)
corresponds exactly to the separable (entangled) states
revealed in Ref. [13]. For s0 > 1/2, we find that the
operator product state ansatz still provides all the sep-
arable states with a constant energy, but only a subset
of the entangled states lying in the single-spin-excitation
subspace. In this sense, the high-spin XX central spin
model is only partially solvable. Since the manifold of the
separable states is highly degenerate, the Bethe ansatz
equations derived do not have a unique form. We finally
apply our method to the case of homogeneous coupling.
In contrast to the case of inhomogeneous coupling, all
values of Q (0 ≤ Q ≤ M) are allowed. We also derive
the corresponding Bethe ansatz equations.
The rest of the paper is organized as follows. In Sec. II,
we introduce the XX central spin model with complex
coupling and the operator approach to be used through-
out this work. In Sec. III and Sec. IV we study in detail
the construction of the separable and entangled states
for Q = M and Q = M − 1, respectively. In Sec. V we
study the case of the homogeneous coupling and derive
the corresponding Bethe ansatz equations. Conclusions
are drawn in Sec. VI.
II. MODEL AND METHODOLOGY
A. The XX central spin model and the operator
product state ansatz
We are interested in the XX central spin model de-
scribed by the Hamiltonian
H = h(Sz0 − s0) +
1
2
N∑
j=1
(gjS
+
0 S
−
j + g
∗
jS
−
0 S
+
j ). (4)
We assume that each gj is nonvanishing, since other-
wise the jth bath spin is isolated from the system. The
nonuniform coupling constants {gj} are allowed to be
complex. From the relation Sx0S
y
j − Sy0Sxj = i(S+0 S−j −
S−0 S
+
j )/2, we can rewrite H as
H = h(Sz0 − s0) +
N∑
j=1
(ℜgj)(Sx0Sxj + Sy0Syj )
+
N∑
j=1
(ℑgj)(Sx0Syj − Sy0Sxj ),
which shows that the real (imaginary) part of gj mea-
sures the XX-type (Dzyaloshinskii-Moriya-type) interac-
tion between the central spin and the jth bath spin. The
c-number term −hs0 in Eq. (4) is introduced to make H
satisfy H |F 〉 = 0 and H |F ′〉 = −2hs0|F ′〉, where
|F 〉 = |s0〉|s1, · · · , sN〉,
|F ′〉 = | − s0〉| − s1, · · · ,−sN〉 (5)
are the highest-weight and lowest-weight state (with the
first index denoting the central spin), respectively. Below
|F 〉 will mainly be taken as the reference state on which
the operator string appearing in the ansatz acts, though
nearly equivalent analysis can be performed for |F ′〉. It
is easy to see that the total magnetization Lˆz =
∑N
j=0 S
z
j
(its eigenvalue will be denoted as Lz) of the central spin
and the spin bath is conserved.
To obtain an eigenstate |ΨM 〉 of H in the subspace
spanned by all spin configurations with magnetization
Lz =
∑N
l=0 sl −M , we introduce M collective spin low-
ering operators
B−q =
N∑
l=0
AqlS
−
l , q = 1, 2, · · · ,M (6)
3where {Aql} are M(N +1) parameters to be determined
by letting the following (unnormalized) operator product
state ansatz
|ΨM 〉 = PM1 |F 〉, (7)
satisfy the Schro¨dinger equation
H |ΨM 〉 = EM |ΨM 〉. (8)
Here,
Pnm ≡
{∏n
q=mB
−
q m ≤ n,
1 m > n,
(9)
and EM is the corresponding eigenenergy. For later use,
we also define
Pn,(l)m ≡ P l−1m S−0 Pnl+1, (m ≤ l ≤ n). (10)
B. The operator approach
Following the operator approach [11, 21, 22], we start
with the identity
[H,PM1 ] =
M∑
q=1
P q−11 [H,B
−
q ]P
M
q+1, (11)
which is a direct consequence of the Leibniz rule
[x, y1y2 · · · yn] = [x, y1]y2 · · · yn + y1[x, y2]y3 · · · yn
+ · · ·+ y1 · · · yn−1[x, yn]
for arbitrary operators x, y1, · · · , and yn. The commuta-
tor [H,B−q ] in Eq. (11) can be calculated as
[H,B−q ] = S
z
0
N∑
j=1
Aq0gjS
−
j + S
−
0
N∑
j=1
Aqjg
∗
jS
z
j
−hAq0S−0 . (12)
The above commutator can be simplified by imposing
certain constraints on the parameters {Aqj}. The main
idea is to gather terms on the right-hand side of Eq. (12)
that contain spin lowering operators and demand that
their linear combinations take the form of the collective
lowering operator B−q . The usual way is to require Aq0gj
to be proportional to Aqj with a j-independent nonvan-
ishing coefficient −ωq [11], i.e.
Aq0gj = −ωqAqj , (13)
so that the first term on the right-hand side of Eq. (12)
becomes −ωqSz0
∑N
j=1 AqjS
−
j = −ωqSz0(B−q − Aq0S−0 ).
Note that Aq0 must be nonzero for otherwise we have
Aqj = 0, ∀j.
However, there exists an alternative, perhaps more ob-
vious, choice,
Aq0 = 0, (14)
for which the terms involving S−j ’s in Eq. (12) all vanish,
while Aqj might be left arbitrary at the moment. We
emphasize that the choice given by Eq. (14) cannot be
incorporated into Eq. (13) where Aq0 must be finite.
Noting that [B−q , B
−
q′ ] = 0, we can assume without loss
of generality that the first Q (B−q )’s in the ansatz (7) are
associated with condition (14), and the remainingM−Q
ones are associated with condition (13):
Aq0 = 0, q = 1, 2, · · · , Q,
Aq0 6= 0, q = Q+ 1, Q+ 2, · · · ,M.
We write
A˜qj = Aqj , q = 1, · · · , Q (15)
to distinguish the (Aqj)’s for q ≤ Q from those for q > Q,
so that
B−q =
N∑
j=1
A˜qjS
−
j , q = 1, · · · , Q,
B−q =
N∑
j=0
AqjS
−
j , q = Q + 1, · · · ,M. (16)
The commutators [H,B−q ] are accordingly divided into
two categories
[H,B−q ] = S
−
0 X˜q, q = 1, · · · , Q (17)
X˜q ≡
N∑
j=1
A˜qjg
∗
jS
z
j , (18)
and
[H,B−q ] = −ωqB−q Sz0 + S−0 Xq, q = Q + 1, · · · ,M
(19)
Xq ≡
N∑
j=1
Aqjg
∗
jS
z
j −Aq0h+Aq0ωqSz0 . (20)
The two operators X˜q and Xq do not induce spin flipping
and satisfy
X˜q|F 〉 = x˜q|F 〉, (21)
Xq|F 〉 = xq|F 〉, (22)
with eigenvalues
x˜q =
N∑
j=1
A˜qjg
∗
j sj , (23)
xq =
N∑
j=1
Aqjg
∗
j sj −Aq0h+Aq0ωqs0. (24)
By noting thatH |F 〉 = 0 and using the usual trick [11],
4we obtain
H |ΨM 〉 = −s0
M∑
q=Q+1
ωq|ΨM 〉
+
Q∑
q=1
x˜qP
M,(q)
1 |F 〉+
M∑
q=Q+1
xqP
M,(q)
1 |F 〉
−
M∑
q=Q+1
ωqP
q
1 [S
z
0 , P
M
q+1]|F 〉
+
Q∑
q=1
P q−11 S
−
0 [X˜q, P
M
q+1]|F 〉
+
M∑
q=Q+1
P q−11 S
−
0 [Xq, P
M
q+1]|F 〉, (25)
where the commutators read
[Sz0 , P
M
q+1] = −
M∑
p=q+1
Ap0P
M,(p)
q+1 , (26)
[X˜q, P
M
q+1] = −
Q∑
p=q+1
P p−1q+1
N∑
j=1
g∗j A˜qjA˜pjS
−
j P
M
p+1
−
M∑
p=Q+1
P p−1q+1
N∑
j=1
g∗j A˜qjApjS
−
j P
M
p+1,
(27)
and
[Xq, P
M
q+1] = −
M∑
p=q+1
Aq0Ap0ωqP
M,(p)
q+1
−
M∑
p=q+1
P p−1q+1
N∑
j=1
g∗jAqjApjS
−
j P
M
p+1.
(28)
To proceed further, we demand that, for example, the
product g∗j A˜qjA˜pj should be expressible as a linear com-
bination of A˜qj and A˜pj , and similar requirements should
be imposed for g∗j A˜qjApj and g
∗
j A˜qjApj [11]. We now
look at the second term in Eq. (28). IfQ ≤M−2, then we
are forced to deal with the expression
∑N
j=1 g
∗
jAqjApjS
−
j
with Q + 1 ≤ q < p ≤ M . However, from Eq. (13) we
have
N∑
j=1
g∗jAqjApjS
−
j =
Aq0Ap0
ωqωp
N∑
j=1
|gj |2gjS−j , (29)
which can never be made proportional to any B−q unless
gj is of the form
gj = |g|eiθj , (30)
where |g| is the common norm of each gj and θj is an arbi-
trary real number. This can be regarded as an extension
of homogenous coupling with a local gauge transforma-
tion on the bath spins. Nevertheless, below we will as-
sume that {gj} are generally inhomogeneous and discuss
the case given by Eq. (30) in Sec. V.
The above arguments indicate that H is possibly solv-
able via the operator product state ansatz given by
Eq. (7) only for Q = M or Q = M − 1. As we will
see, these two situations exactly correspond to the dark
states and bright states revealed in Ref. [13]. Before end-
ing this section, let us discuss the case with M = 1 to
see how these two types of states emerge.
C. Single-spin-excitation subspace with M = 1
As a warm up, let us first study the simple case of
M = 1. In this case there is a single spin-excitation
upon the reference state |F 〉 and Q can be either 1 or 0.
From Eq. (25) we have
H |Ψ(1)1 〉 = x˜1S−0 |F 〉 (31)
for Q = 1 and
H |Ψ(0)1 〉 = −s0ω1|Ψ(0)1 〉+ x1S−0 |F 〉 (32)
for Q = 0, where the superscript in the states denotes
the value of Q. We see that if we can suitably choose
the parameters A˜1j for Q = 1 (A1j for Q = 0) such that
x˜1 = 0 (x1 = 0), we obtain the eigenstate |Ψ(1)1 〉 (|Ψ(0)1 〉)
with eigenenergy E
(1)
1 = 0 (E
(0)
1 = −s0ω1).
From Eq. (23), the condition x˜1 = 0 reads
N∑
j=1
A˜1jg
∗
j sj = 0. (33)
The rank-nullity theorem tells us that there are N − 1
linearly independent solutions, {A˜(α)1j } (α = 1, 2, · · · , N−
1), to Eq. (33), resulting in N−1 degenerate zero-energy
eigenstates
|Ψ(1)1,α〉 =
N∑
j=1
A˜
(α)
1j S
−
j |F 〉
= |s0〉
N∑
j=1
A˜
(α)
1j
√
2sj |s1, · · · , sj − 1, · · · , sN 〉.
(34)
Similarly, using Eqs. (13) and (24) the condition x1 = 0
can be rewritten as
s0ω
2
1 − hω1 −
N∑
j=1
|gj |2sj = 0, (35)
5which gives two other eigenenergies
E
(0)
1,± = −s0ω1,±,
ω1,± =
h±
√
h2 + 4s0
∑N
j=1 |gj |2sj
2s0
, (36)
with the (unnormalized) eigenstates given by
|Ψ(0)1,±〉 =
N∑
j=0
A1jS
−
j |F 〉
=
√
2s0|s0 − 1〉|s1, · · · , sN 〉
+
s0
E
(0)
1,±
|s0〉
N∑
j=1
gj
√
2sj |s1, · · · , sj − 1, · · · , sN〉.
(37)
It is apparent that the N − 1 zero-energy states |Ψ(1)1,α〉
and the two states |Ψ(0)1,±〉 are respectively the dark (sepa-
rable) and bright (entangled) states revealed in Ref. [13].
We can similarly take the lowest state |F ′〉 as the refer-
ence state to start with. The corresponding single-spin-
excitation states in the sector with Lz = −
∑N
j=0 sj + 1
can be obtained by applying the collective raising oper-
ator B′+q =
∑N
j=1 A
′
jqS
+
j to |F ′〉. It is easy to show that
the such obtained two entangled states possess energies
E
′(0)
1,± = (1− 2s0)h+ E(0)1,±. (38)
We thus showed that all the N + 1 eigenstates in the
M = 1 sector are given by the operator product state
ansatz. Below we concentrate on the cases with M ≥ 2.
III. Q = M : SEPARABLE STATE
In this section we discuss the case of Q = M (with
M ≥ 2) for which Aq0 = 0, ∀q. We will show that the
operator product state
|Ψ(M)M 〉 = |s0〉
M∏
q=1

 N∑
j=1
A˜qjS
−
j

 |s1, · · · , sN 〉, (39)
provides all the separable states for arbitrary s0 ≥ 1/2.
For Q =M , Eq. (25) is reduced to
H |Ψ(M)M 〉 =
M∑
q=1
P q−11 S
−
0 [X˜q, P
M
q+1]|F 〉+
M∑
q=1
x˜qP
M,(q)
1 |F 〉,
(40)
with
[X˜q, P
M
q+1] = −
M∑
p=q+1
P p−1q+1
N∑
j=1
g∗j A˜qjA˜pjS
−
j P
M
p+1.
(41)
Remembering that the (A˜qj)’s are still arbitrary, we have
a chance to appropriately choose them such that the
product g∗j A˜qjA˜pj can be written as a linear combination
of A˜qj and A˜pj . We thus impose the following constraint
g∗j A˜qjA˜pj = βq,pA˜qj + βp,qA˜pj , j = 1, 2, · · · , N (42)
by considering that the left-hand side of the above equa-
tion is symmetric with respect to the interchange of q
and p.
Before discussing possible explicit forms of βp,q, let us
assume Eq. (42) is already satisfied. We insert Eq. (42)
into Eq. (41) to get
[X˜q, P
M
q+1] = −
M∑
p=q+1
βq,pP
p−1
q P
M
p+1 −
M∑
p=q+1
βp,qP
M
q+1,
(43)
which in combination with Eq. (40) results in
H |Ψ(M)M 〉 = −
M∑
p>q
(βq,pP
M,(p)
1 + βp,qP
M,(q)
1 )|F 〉
+
M∑
p=1
x˜pP
M,(p)
1 |F 〉. (44)
The first term in Eq. (44) can be rearranged as
−
M∑
p>q
(βq,pP
M,(p)
1 + βp,qP
M,(q)
1 )|F 〉
= −
M∑
p>q
βq,pP
M,(p)
1 |F 〉 −
M∑
q>p
βq,pP
M,(p)
1 |F 〉
= −
M∑
p=1
∑
q( 6=p)
βq,pP
M,(p)
1 |F 〉,
giving
H |Ψ(M)M 〉 =
M∑
p=1

x˜p − ∑
q( 6=p)
βq,p

PM,(p)1 |F 〉. (45)
We see that if we set
x˜p −
∑
q( 6=p)
βq,p = 0, (46)
then |Ψ(M)M 〉 is an eigenstate of H with zero eigenenergy.
We now turn to discuss the solutions of Eq. (42). Fol-
lowing Ref. [11], we seek solutions with antisymmetric
βp,q, i.e.
βp,q = −βq,p, (47)
for which Eq. (42) becomes
g∗j = βq,p
(
1
A˜pj
− 1
A˜qj
)
. (48)
6It is easy to see that
A˜pj =
1
aj − g∗j νp
, p = 1, · · · ,M (49)
and
βq,p =
1
νq − νp , q, p = 1, · · · ,M (50)
satisfy Eq. (48), where aj with j = 1, · · · , N are dimen-
sionless constants depending only on j. They correspond
to the anisotropic parameters associated with the ener-
gies {ǫj} of the bath spins in the Gaudin-type central
spin problem [15]. The M parameters νq (q = 1, · · · ,M)
correspond to the rapidities in the Bethe ansatz language
and have the dimension of inverse energy.
By combining Eqs. (23), (46), (49), and (50), we finally
obtain the following M coupled equations
N∑
j=1
g∗j sj
aj − g∗j νp
−
M∑
q( 6=p)
1
νq − νp = 0, p = 1, · · · ,M. (51)
Note that the above equations are independent of s0 due
to the separable nature of the state (39). If we choose
aj = 1/gj in the above equations and reinterpret {νq} as
rapidities with a different dimension, we then recover the
Bethe ansatz equations for the dark states presented in
Ref. [13]. However, the constants {aj} in Eq. (51) can
in principle be arbitrarily chosen [except for those ren-
dering Eq. (51) unsolvable]. This freedom of choice for
{aj} is consistent with the fact that the separable states
generally form a degenerate manifold in the M -sector.
Different choices of {aj} account for different linear com-
binations of a fixed set of separable states. In spite of
the appearance of the free parameters {aj}, we will still
refer to the M coupled equations given by (51) as the
Bethe ansatz equations, a particular form of the Bethe
ansatz equations for general central spin problems [15].
Obviously, the state |Ψ(M)M 〉 should be independent of aj
if it is nondegenerate in the M -sector.
As an example, let us consider the case with M = 2
and N = 2, for which the two Bethe ansatz equations
read (we assume both g1 and g2 are real)
g1s1
a1 − g1ν1 +
g2s2
a2 − g2ν1 −
1
ν2 − ν1 = 0, (52)
g1s1
a1 − g1ν2 +
g2s2
a2 − g2ν2 −
1
ν1 − ν2 = 0. (53)
If we further choose s1 = s2 = 1, it is easy to solve the
above two equations to obtain a unique solution (regard-
less of the order of ν1 and ν2)
ν1 =
3(g1a2 + g2a1) + i
√
3(g1a2 − g2a1)
6g1g2
,
ν2 =
3(g1a2 + g2a1)− i
√
3(g1a2 − g2a1)
6g1g2
, (54)
indicating that the separable state in the M = 2 sector
is actually nondegenerate. In turn, the four coefficients
A˜qj are given by
A˜11 =
√
3i(1 +
√
3i)g2
2(a2g1 − a1g2) , A˜12 =
√
3i(1−√3i)g1
2(a2g1 − a1g2) ,
A˜21 = −
√
3i(1−√3i)g2
2(a2g1 − a1g2) , A˜22 = −
√
3i(1 +
√
3i)g1
2(a2g1 − a1g2) .
(55)
Thus, we indeed obtain a unique separable state
|Ψ(2)2 〉 = |s0〉[g22(S−1 )2 + g21(S−2 )2 − g1g2S−1 S−2 ]|1, 1〉,
in the M = 2 sector, which is independent of a1 and
a2. The form of Eq. (55) also suggests that the Bethe
ansatz equations given by Eqs. (52) and (53) are actu-
ally unsolvable for aj = gj/c, where c is a constant having
the dimension of energy. However, the two equations still
admit solutions for a uniform coupling with g1 = g2, pro-
vided we choose a1 6= a2. This is in contrast to the case of
the XXZ central spin model, where the integrability en-
sured by Bethe ansatz breaks down for the homogeneous
coupling [31].
For a given M ≥ 2, we can in principle obtain all the
separable states in the form of Eq. (39) by solving the
Bethe ansatz equations given by Eq. (51). However, as
mentioned in Ref. [13], the Bethe ansatz equations (51)
do not always admit solutions. In addition, the eigen-
states given by Eq. (39) are all constructed based on the
highest state |F 〉, and hence cannot cover those separa-
ble states with the central spin in its lowest state | − s0〉.
From symmetry considerations, the latter type of sepa-
rable states also exist and can actually be constructed
by choosing the lowest state |F ′〉 as the reference state
and B′+q =
∑N
j=1 A˜
′
qjS
+
j as the collective raising opera-
tor. The resultant separable states will be in the form of
|Ψ′(M ′)M ′ 〉 = | − s0〉
∏M ′
q=1
(∑N
j=1 A˜
′
qjS
+
j
)
| − s1, · · · ,−sN 〉
and possess eigenenergy E
′(M ′)
M ′ = −2s0h.
The analysis in this section shows that the operator
product state ansatz (7) can give all the separable states
for arbitrary s0 ≥ 1/2. Furthermore, the total number
of separable states generated from |F 〉 and |F ′〉 are the
same.
IV. Q = M − 1: ENTANGLED STATES
We now study the second possibility with Q =M − 1,
for which Eq. (25) is reduced to
H |Ψ(M−1)M 〉 = −s0ωM |Ψ(M−1)M 〉
+
M−1∑
q=1
x˜qP
M,(q)
1 |F 〉+ xMPM−11 S−0 |F 〉
+
M−1∑
q=1
P q−11 S
−
0 [X˜q, P
M
q+1]|F 〉, (56)
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[X˜q, P
M
q+1] = −
M−1∑
p=q+1
P p−1q+1
N∑
j=1
g∗j A˜qjA˜pjS
−
j P
M
p+1
−PM−1q+1
N∑
j=1
g∗j A˜qjAMjS
−
j . (57)
A general eigenstate in the M sector (with M ≥ 2) reads
|Ψ(M−1)M 〉
=
√
2s0|s0 − 1〉
M−1∏
q=1

 N∑
j=1
A˜qjS
−
j

 |s1, · · · , sN 〉
−|s0〉

 N∑
j=1
gj
ωM
S−j

M−1∏
q=1

 N∑
j=1
A˜qjS
−
j

 |s1, · · · , sN 〉,
(58)
which is obviously an entangled state between the central
spin and the spin bath. However, due to the restriction
of the value of Q, we are unable to construct entangled
states involving lower states |s0 − m〉 (m ≥ 2) of the
central spin, which leads to fact that the states given
by Eq. (58) cannot provide all the entangled states for
s0 > 1/2.
A. M = 2
Let us first study the case of M = 2, which is actually
nontrivial, as we will see. In this case the first term on
the right-hand side of Eq. (57) vanishes. From Eqs. (56)
and (57) we have
H |Ψ(1)2 〉 = S−0
N∑
j=1
(x˜1A2j + x2A˜1j − g∗j A˜1jA2j)S−j |F 〉
+x˜1A20(S
−
0 )
2|F 〉 − s0ω2|Ψ(1)2 〉. (59)
Due to the presence of the term x˜1A20(S
−
0 )
2|F 〉, we have
to distinguish two situations.
1. s0 > 1/2
In this case, to achieve an eigenstate |Ψ(1)2 〉 with
eigenenergy E
(1)
2 = −s0ω2, we must set
x˜1 = 0 (60)
since (S−0 )
2 6= 0. To eliminate the first term in Eq. (59),
we further let
x2 − g∗jA2j = 0, ∀j (61)
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FIG. 1: (a) The 12 eigenenergies and the corresponding total
magnetization Lz for a spin-1 XX central spin model with
N = 2, s0 = 1, s1 = s2 = 1/2, g1 = 1, g2 = 2, and h = 1. The
two separable states |Ψ
(1)
1 〉 and |F 〉 (entangled states |Ψ
(0)
1,±〉
[see Eq. (37)]) are denoted by the two solid black circles (two
red circles) on the right. The four blue stars in the Lz = 0 (or
M = 2) sector correspond to the eigenstates that cannot be
covered by the operator product state ansatz. The left half of
the spectrum corresponds to the eigenstates constructed from
|F ′〉. (b) Same as Fig. 1(a), but for g1 = g2 = 3. The green
circle corresponds to the operator product state |Ψ
(1)
2 〉 whose
eigenenergy is given by Eq. (63).
which can be recast as
ω22s0 − hω2 + |gj |2 −
N∑
l=1
|gl|2sl = 0, ∀j. (62)
by using Eqs. (13) and (24). The above equations imply
that the state |Ψ(1)2 〉 is generally not an eigenstate of H
unless condition (30) is satisfied.
Figure 1(a) shows the energy spectrum of H for N =
2, s0 = 1, s1 = s2 = 1/2, g1 = 1, g2 = 2, and h =
1. Since the Bethe ansatz equations given by Eqs. (52)
and (53) do not have any solution for s1 = s2 = 1/2,
there is only one separable state in the M = 1 sector
(solid black circle with Lz = 1). There are also two
entangled states in this sector (two red circles with Lz =
81) whose energies are given by Eq. (36). The left half
of the spectrum corresponds to the counterparts of the
above states constructed from |F ′〉. However, the four
states in the M = 2 sector (blue stars) are not included
in the operator product state ansatz since |Ψ(1)2 〉 is not
an eigenstate of H for s0 = 1 and inhomogeneous {gj},
as shown above.
For couplings having the form of gj = |g|eiθj , we get
two additional operator product states possessing ener-
gies given by solutions of Eq. (62)
E
(1),(hom)
2,± = −
1
2

h±
√√√√h2 + 4s0|g|2
(
N∑
l=1
sl − 1
)
 ,
(63)
which are real for N ≥ 2. Figure 1(b) shows the en-
ergy spectrum of H for N = 2, s0 = 1, s1 = s2 = 1/2,
g1 = g2 = 3, and h = 1. Two degenerate eigenstates in
the Lz = 0 sector, |Ψ(1)2 〉 and |Ψ′(1)2 〉, appear and pos-
sess energy E
(1),(hom)
2,+ = −h given by Eq. (63) (note that
E
(1),(hom)
2,− = 0 is not a physical solution since it gives
A20 = 0). However, there are still two states that cannot
be expressed in the form of the operator product state
ansatz (the two blue stars).
The observations in the above two examples indicate
that the XX central spin model is only partially solvable
for a central spin with s0 > 1/2, i.e., the operator product
state ansatz can only give the separable states and those
entangled states in the single-spin-excitation sector. As
we will see below, this is actually the case for all M ≥ 2.
2. s0 = 1/2
For s0 = 1/2 we have (S
−
0 )
2 = 0 and the solvability
condition becomes x˜1A2j+x2A˜1j−g∗j A˜1jA2j = 0. Using
the relation A2j = −gjA20/ω2, we can recast it as
A˜1j =
x˜1gj
|gj |2 + x2ω2A20
, j = 1, 2, · · · , N (64)
We can use Eq. (23) to eliminate x˜1 and get
N∑
j=1
|gj|2sj
|gj|2 + x2ω2A20
= 1. (65)
Using Eq. (24), we can rewrite the above equation as
N∑
j=1
|gj|2sj
|gj|2 −
∑N
l=1 |gl|2sl − hω2 + ω22/2
= 1. (66)
Solving Eq. (66) gives K (K ≤ 2N) real solutions ω2,α
(α = 1, 2, · · · ,K), and hence the eigenenergies E2,α =
−s0ω2,α. The obtained ω2,α can then be used in the
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FIG. 2: The 18 eigenenergies and the corresponding total
magnetization Lz for a spin-1/2 XX central spin model with
N = 2, s0 = 1/2, s1 = s2 = 1, g1 = 1, g2 = 2, and h = 1.
The eigenenergies of the four entangled states in the M = 2
sector (pink circles on the right) are given by Eq. (67).
coupled linear equations given by (64) to get the corre-
sponding coefficients {A˜(α)1j }. For example, for N = 2
and s1 = s2 = 1 the four solutions of Eq. (66) read
ω2,1 = 1−
√
1 + 2(|g1|2 + |g1g2|+ |g2|2),
ω2,2 = 1−
√
1 + 2(|g1|2 − |g1g2|+ |g2|2),
ω2,3 = 1 +
√
1 + 2(|g1|2 − |g1g2|+ |g2|2),
ω2,4 = 1 +
√
1 + 2(|g1|2 + |g1g2|+ |g2|2). (67)
Figure 2 shows the spectrum ofH forN = 2, s0 = 1/2,
s1 = s2 = 1, g1 = 1, g2 = 2, and h = 1. It can be seen
that all the eigenstates are given by the operator product
state (7), meaning that the XX central spin model with
s0 = 1/2 is indeed solvable in the M = 2 sector [13].
It is interesting to note that Eq. (66) reduces to a
quadratic equation for couplings of the form gj = |g|eiθj :
|g|2
(
1− 2
N∑
l=1
sl
)
− hω2 + 1
2
ω22 = 0, (68)
yielding only two solutions
E˜
(1),(hom)
2,± = −
1
2

h±
√√√√h2 + 2|g|2
(
2
N∑
l=1
sl − 1
)
 .(69)
B. M ≥ 3
For M ≥ 3 we have to deal with both the two terms
appearing in Eq. (57). Following the analysis in Sec. III,
we may choose
A˜qj =
1
aj − g∗j νq
, q = 1, · · · ,M − 1 (70)
9and
βq,p =
1
νq − νp , q, p = 1, · · · ,M − 1 (71)
such that
g∗j A˜qjA˜pj =
A˜qj − A˜pj
νq − νp . (72)
We note that Eq. (64) (in the case of M = 2) also has
the form of Eq. (70) with
aj =
x2ω2
gjA20x˜1
, ν1 = − 1
x˜1
. (73)
As to the second term in Eq. (57), we wish to find two
coefficients γM,q and θM,q such that
g∗j A˜qjAMj = γM,qA˜qj + θM,qAMj . (74)
Using the explicit form of A˜qj and the relation AMj =
−gjAM0/ωM , the above condition can be reexpressed as
AM,0gj [θM,q(aj − g∗j νq)− g∗j ] = γM,qωM . (75)
Note that the right-hand side of Eq. (75) is independent
of j, the parameters {aj} must be chosen so as to make
the left-hand side independent of j as well. Depending on
whether γM,q vanishes, there exist two possible choices:
a) If γM,q = 0, we have aj = g
∗
j (1/θM,q + νq) from
AM0gj 6= 0. However, such a choice is actually unphysi-
cal due to the absence of γM,q. More importantly, it can
be checked that the such obtained Bethe ansatz equations
do not admit any solution.
b) If γM,q 6= 0, we then have
θM,qajgj − |gj |2(θM,qνq + 1) = γM,qωM/AM0. (76)
By noting that the above equation must hold for any j,
we must have
θM,q = − 1
νq
, (77)
and hence
aj = −(νqγM,q) ωM
AM0gj
. (78)
The above equation indicates that aj should be propor-
tional to 1/gj, which is in consistent with Eq. (73) for
M = 2. However, equation (78) must hold for any q,
indicating that γM,q should be proportional to 1/νq with
a q-independent coefficient. We thus let
γM,q = − AM0
νqωM
c, (79)
where c is a constant having the dimension of energy.
Applying Eq. (79) in Eq. (78) gives
aj =
c
gj
. (80)
Combining Eqs. (56), (57), (72), (74), (77) and (79)
and after a straightforward calculation, we obtain
H |Ψ(M−1)M 〉 = −
M−1∑
q=1
AM0
νq
P q−11 S
−
0 P
M−1
q+1 S
−
0 |F 〉
+
M−1∑
p=1

x˜p + 1
νp
−
∑
q( 6=p)
1
νq − νp

PM,(p)1 |F 〉
+
(
xM +
AM,0
ωM
M−1∑
q=1
c
νq
)
PM−11 S
−
0 |F 〉
− s0ωM |Ψ(M−1)M 〉. (81)
Similar to the case of M = 2, the first term on the right-
hand side of the above equation can only be eliminated
for s0 = 1/2 since AM0 6= 0 by assumption. In other
words, the eigenstates of H for s0 > 1/2 and M ≥ 2
cannot be covered by the operator product state ansatz.
This means that H is only partially solvable for s0 > 1/2,
in the sense that only those entangled states in theM = 1
sector are given by the operator product state ansatz.
For s0 = 1/2, it is shown in Ref. [13] that the operator
product states indeed provide a complete set.
Below we will set s0 = 1/2. The elimination of the
second term in Eq. (81) yields the Bethe ansatz equations
N∑
j=1
|gj |2sj
c− |gj |2νp +
1
νp
−
M−1∑
q( 6=p)
1
νq − νp = 0 (82)
by using
A˜pj =
gj
c− |gj|2νp . (83)
By further eliminating the third term in Eq. (81), we
arrive at
−
N∑
j=1
|gj |2sj − ωMh+ 1
2
ω2M +
M−1∑
q=1
c
νq
= 0, (84)
which gives two branches of eigenenergies
E
(M−1)
M,± = −
1
2

h±
√√√√√h2 + 2

 N∑
j=1
|gj|2sj −
M−1∑
q=1
c
νq



 .
(85)
Note that Eqs. (82) and (85) recover the results in
Ref. [13] if we set c = 1 and reinterpret {νq} as rapidi-
ties with a different dimension. Actually, the results (the
eigenstatates and eigenenergies) are independent of the
constant c since we can perform the rescaling νq → cνp
to obtain c-independent expressions.
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V. THE CASE OF gj = |g|e
iθj
In this section we will study the special case given by
Eq. (30), so that the Hamiltonian becomes
Hhom = h(S
z
0 − s0) +
|g|
2
N∑
j=1
(eiθjS+0 S
−
j + e
−iθjS−0 S
+
j ).
(86)
By defining S˜−j = e
iθjS−j , S˜
+
j = e
−iθjS+j , and S˜
z
j = S
z
j
that preserve the canonical commutation relations of
spins, we see that Hhom is actually equivalent to an XX
central spin model with homogeneous coupling |g| by a
local gauge transformation on the bath spins. Such a
correspondence indicates that the spectrum of Hhom is
independent of the phase factors {eiθj}, which neverthe-
less enter the explicit expressions of the eigenstates.
The homogeneous XX central spin model has been
widely studied for s1 = · · · = sN = 1/2, where the col-
lective bath lowering operator can be treated as a large
spin S˜− =
∑N
j=1 S˜
−
j . The XXZ central spin model with
homogeneous coupling and s1 = · · · = sN = 1/2 and ar-
bitrary s0 has been solved in Ref. [12]. The aim of this
section is to show that Hhom with s0 = 1/2 and arbitrary
{sj} is solvable and admits operator product state ansatz
solutions.
Our starting point is Eq. (25), in which the commuta-
tors can be calculated under condition (30) as
[X˜q, P
M
q+1] = −
Q∑
p=q+1
P p−1q+1
N∑
j=1
g∗j A˜qjA˜pjS
−
j P
M
p+1
+|g|2
M∑
p=Q+1
Ap0
ωp
P p−1q P
M
p+1, (87)
[Xq, P
M
q+1] = −Aq0
( |g|2
ωq
+ ωq
) M∑
p=q+1
Ap0P
M,(p)
q+1
+
Aq0
ωq
|g|2(M − q)PMq+1, (88)
where A˜qj is given by Eq. (49). By inserting the above
two equations and Eq. (26) into Eq. (25) and after some
manipulation, we get
H |Ψ(Q)M 〉 = −s0
M∑
q=Q+1
ωq|Ψ(Q)M 〉
+
Q∑
p=1

x˜p − Q∑
q( 6=p)
βq,p

PM,(p)1 |F 〉
+
M∑
p=Q+1
[
|g|2Ap0
ωp
(M +Q− p) + xp
]
P
M,(p)
1 |F 〉
+
M∑
p=Q+1
M∑
q=p+1
ωpAq0P
M,(q)
1 |F 〉
−
M∑
q=Q+1
M∑
p=q+1
Aq0Ap0
|g|2 + ω2q
ωq
P q−11 S
−
0 P
M,(p)
q+1 |F 〉,
(89)
where βp,q is given by Eq. (50). We note that for
the homogenous coupling all possible values of Q (with
0 ≤ Q ≤ M) are allowed. However, this does not mean
that all the entangled state involving |s0−m〉 with m ≥ 2
can be given by the operator product state ansatz. We al-
ready see this from the simple example shown in Fig. 1(b)
for s0 = 1, where only some of the states in the M = 2
sector (the green circle) are given by the operator prod-
uct state ansatz. In fact, to eliminate the last term in
Eq. (89) we are still forced to set s0 = 1/2.
To proceed, we assume s0 = 1/2 and note that
M∑
p=Q+1
M∑
q=p+1
ωpAq0P
M,(q)
1 |F 〉
=
M∑
p=Q+2
p−1∑
q=Q+1
ωqAp0P
M,(p)
1 |F 〉, (90)
which converts Eq. (89) to
H |Ψ(Q)M 〉 = −
1
2
M∑
q=Q+1
ωq|Ψ(Q)M 〉
+
Q∑
p=1

x˜p − Q∑
q( 6=p)
βq,p

PM,(p)1 |F 〉
+
M∑
p=Q+1
[
|g|2Ap0
ωp
(M +Q− p) + xp
]
P
M,(p)
1 |F 〉
+
M∑
p=Q+2
p−1∑
q=Q+1
ωqAp0P
M,(p)
1 |F 〉. (91)
Letting the second line of the above equation be zero, we
arrive at the Q coupled Bethe ansatz equations
N∑
j=1
|g|sj
ajeiθj − |g|νp −
Q∑
q( 6=p)
1
νq − νp = 0, p = 1, · · · , Q(92)
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which have the same form as Eq. (51) for the separa-
ble states by using g∗j = |g|e−iθj . As mentioned above,
the phase factors {eiθj} do enter the wave functions
through the rapidities {νq}. We can always choose suit-
able {aj} to guarantee the existence of physical solutions
of Eq. (92). Similar to the case of the separable states
for the inhomogeneous coupling, this freedom of choice
of {aj} also indicates that some of the eigenstates of the
homogeneous model could be highly degenerate for large
enough Q. Actually, by eliminating the last two lines
of Eq. (91), we arrive at the following M − Q coupled
equations
|g|2

M +Q− p− N∑
j=1
sj

− hωp + 1
2
ω2p
+ωp
p−1∑
q=Q+1
ωq = 0, p = Q+ 1, · · · ,M (93)
which give the eigenenergy
E
(Q)
M = −
1
2
M∑
q=Q+1
ωq. (94)
It is interesting to note that the eigenenergy E
(Q)
M
does not depend on the parameters {νq}, but only on
|g|, h, {sj}, and Q, consistent with our arguement that
some of the eigenstates of Hhom could be degenerate.
VI. CONCLUSIONS AND DISCUSSIONS
In this work, we have studied partial solvability of the
XX central spin model with arbitrary central spin mo-
ment s0 ≥ 1/2. By employing the operator approach
based on a commutator scheme that has been previously
applied to various Guadin-like models, we have obtained
both the separable and entangled states of the XX central
spin model with s0 = 1/2 through an operator product
state ansatz, confirming the results presented in a recent
study [13]. The corresponding Bethe ansatz equations
are derived. It is found that the Bethe ansatz equa-
tions associated with the separable states are actually
non-unique due to the high degeneracy of these states.
In addition, we show that for s0 > 1/2 only some of the
eigenstates, i.e., all the separable states and those entan-
gled states in the single-spin-excitation subspace admit
the form of the operator product state ansatz. Finally, we
found that our method can also be applied to the case
of homogeneous coupling. We derive the Bethe ansatz
equations determining the rapidities and a coupled sys-
tem of nonlinear equations that give the eigenenergies,
which are found independent of the rapidities.
Although the partial solvability displayed here is rem-
iniscent of quasi-exactly solvable systems [26–28], there
are some fundamental differences and questions which
should be explored in the future. In particular, it would
be useful to determine whether the subspace of solvable
states for s0 > 1/2 can be understood in terms of an
invariance under the action of some algebraic structure.
Also, while the non-uniqueness of a Bethe ansatz solu-
tion has been seen in other contexts, e.g. [29], the level
of generality of Bethe ansatz equations found for separa-
ble states in this study is unexpected and deserves to be
investigated at a deeper level.
The separable and entangled states were known to play
an important role in the control of the mesoscopic spin
bath by a central spin manipulation [32, 33]. The sepa-
rable states supported by the high-spin XX central spin
model will be useful in the cooling or polarization of
the spin bath through the manipulation of a central spin
with large quantum number. Our concrete treatment of
the XX central spin model using the operator approach
and the obtained results pave the way toward finding
simple solutions to Gaudin-like models. In particular,
our method also offers a promising opportunity to study
nonequilibrium dynamics and quench dynamics, e.g., the
quantification and real-time evolution of entanglement
and Fisher information in related central spin systems.
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